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We study quantum optical properties of the single-walled carbon nanotube (SWCNT) by in- 
troducing the effective interaction between the quantized electromagnetic field and the confined 
electrons in the SWCNT. Our purpose is to explore the quantum natures of electron transport in 
the SWCNT by probing its various quantum optical properties relevant to quantum coherence, such 
as the interference of the scattered and emitted photons, and the bunching and anti-bunching of 
photons which are characterized by the higher order coherence functions. In the strong field limit, 
we study the interband Rabi oscillation of electrons driven by a classical light. We also investigate 
the possible lasing mechanism in superradiation of coherent electrons in a SWCNT driven by a light 
pump or electron injection, which generate electron population inversion in the higher energy-band 
of SWCNT. 

PACS numbers: 78.67.Ch, 78.55.-m, 81.07.-b 



I. INTRODUCTION 

Carbon nanotubes (CNTs) have been under great fo- 
cus these years because of their promising thermal and 
electrical conductivities, and other unusual features that 
may lead to new applications In recent years, in- 

dividual single- walled carbon nanotubes (SWCNTs) have 
experimentally become available for the design of future 
quantum devices [4, S 0|- Through putting such a 
SWCNT between electrodes while maintaining a low con- 
tact resistance, novel CMOS devices can be made from 
this novel material [1, d, Surpassing the current 

silicon-based CMOS devices, CNT-based CMOS devices 
appear to have the potential for wide applications. To 
this end, a broad research is required on various aspects 
of its characteristics beforehand. 

The conventional investigation for a new material is 
to explore its photoluminescence [ill, [l3, [3, [3, [H, E, 
[itI . [18 . [19| . We usually study the characteristic spec- 
troscopy of the light scattered by or emitted from this 
material. Meanwhile, since ballistic transport-a motion 
of electrons with negligible electrical resistivity due to 
scattering in the process of transportation-happens in a 
SWCNT at low temperature [i,[23|, SWCNT should be 
treated beyond the classical scenario, and pure quantum 
effects should be taken into account. As a result, not only 
should the classical optical properties (e.g., the intensity, 
the spectrum, etc,) of the SWCNT be considered, but 
also the quantum optical properties (e.g., the bunching 
and antibunching phenomena, etc,) need to be studied 
in details. In this paper we develop a fully quantum ap- 
proach for the SWCNT-light interaction to address the 
quantum effects relevant to the higher order quantum 
coherence. Our investigation is oriented by the great po- 
tential to implement the quantum optical devices based 
on current carbon nanotube technology, which works in 
the quantum regime, or at a level of single quantum state. 

Starting from the minimal coupling theorem, we de- 
rive the effective Hamiltonian of the SWCNT interacting 



with a fully quantized light field. The interband Rabi os- 
cillation is first studied for the light field whose intensity 
is sufficiently strong to be treated classically. We ex- 
plore the full quantum features of the transporting elec- 
tron in the SWCNT which is displayed by its quantum 
optical properties. To this end, we quantize the light 
field interacting with the confined electrons in SWCNT, 
and calculate and analyze the higher order coherence 
functions of the photons scattered or emitted from the 
SWCNT. It is shown that the total population inversion 
of electrons, the first order and the second order coher- 
ence functions strongly depends on the chiral vector of 
the SWCNT, while this dependence does not exist in the 
generic graphene. Additionally, the anti-bunching fea- 
ture of the light field is predicted with detailed calcula- 
tions based on the long time approximation. A similar 
discovery has been made in an experiment [lOl) but to 
our best knowledge no microscopic theoretical explana- 
tion has been given. 

This paper is organized as follows. In Sec. [ill the inter- 
action between the quantized light field and the SWCNT 
based on the tight binding approach is derived from the 
the minimal coupHng theorem. In Sec. IIIIl we study the 
interband Rabi oscillation of the electrons in the SWCNT 
induced by strong light when the driving light can be 
treated classically, the reason of which is generally proved 
in App. [Al The interference of the scattered light from 
the SWCNT and the second order correlation of the emit- 
ted photons are investigated in Sec. IIVI and Sec. [Vl re- 
spectively. Additionally, the possible lasing mechanism 
of the SWCNT through a light pump or electron injection 
is discussed in Sec. IVII The conclusions are presented in 
Sec.lVIll 



II. MODEL SETUP 

The difference between carbon nanotubes and 
graphene is that carbon nanotubes allow merely dis- 
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FIG. 1: Schematic illustration of the 2-D hexagonal lattice of 
the SWCNT, which contain two sets of sublattices A and B. 
The pair numbers (n, m) denotes the chiral vector. 



Crete wave vectors along their specific chiral vector while 
graphene allows continuous ones, as long as we neglect 
such effects as distortion of the lattice in carbon nan- 
otubes. Thus, to simplify the modeling of the system 
in consideration, we can take the tight banding model 
of graphene into account, and then apply discrete wave 
vector restriction to demonstrate the properties of the 
nanotube. The honeycomb lattice of graphene is divided 
into two triangular sublattices A and B (see Fig. [T|). 
Here, the chiral vector of the SWCNT is denoted as a 
pair of numbers (n, to). The discrete wave vectors for car- 
bon nanotubes will be directly introduced by boundary 
conditions later. 

Since electrons in graphene approximately hop from 
one site to the nearest neighbor one, a tight binding 
model 



h.c] 



(1) 
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is applied to describe the motion of the electrons in the 
graphene. Here, J is the hopping constant; o (a^) and 
b (fot) annihilates (creates) an electron at sublattice A and 
B, respectively. And {a = 1,2,3) are the real space 
vectors pointing from one site to its nearest neighbors. 
Usually they are chosen as 
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(0,-1), 
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(2a) 
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, and are schematically plotted in Fig. [TJ Here, I is the 
lattice constant of both the triangular sublattice A and 
B. 

To diagonalize the above tight banding Hamiltonian, 
a 2D Fourier transformation 



Ck 



rGC 



r)e-*'' '', {c = aovb,C^A or B). (3) 



is used to give the momentum space- representation of 
the Hamiltonian ^ 



(4) 



Here the transition energy <I>k 



e^^'^ is a sum- 
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mation over all the directions of nearest neighbors. It is 
expHcitly written as 



$k = " Je ( l-f 2 cos ^e"'^— 



(5) 



and corresponds to the transition of electrons between 
two sublattices A and B. Further, this Hamiltonian ([4]) 
is diagonalized as 



through a unitary transformation 

ak = (e-^'^-flk 4 
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Here, the single particle spectrum is 



Ek = J 



\ 



l + 4cos(^) 



cos(^fcj,0 + cos(^) 



with the phase t/Jk determined by 

Z cos {kj / 2) sin {VSkyl/ 2) 



tan 2(y5k = ^ 



1 2 cos {kJ/2) cos {V3kyl/2) ' 
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(7a) 
(7b) 
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We have to point out that the energy 2Ei^ of single 
electron excitation actually has six Dirac points on the 
six vertices of the first Brillouin Zone in the momentum 
space. It has been discovered that in the vicinity of Dirac 
points, the effective motion of the electrons accords with 
the relativistic theory, which is described by the massless 
or massive Dirac equation with an effective light velocity 

In order to study the quantum optical properties of the 
nanotubes, it is necessary to introduce a quantized light 
field 



(10) 



where flq is the frequency of photons with momentum 
q. and dq creates and annihilates a photon with mo- 
mentum q, respectively. We choose h — I and only one 
polarization direction for each mode of light denoted by 
q in the following discussions. 

The interaction between the carbon nanotube and the 
light field is obtained according to the minimal coupHng 
principle of electromagnetic field. By replacing the me- 
chanical momentum of the electrons with canonical ones 
and neglecting the multi-photon interactions, the inter- 
action Hamiltonian is obtained as 

= H ^ • (4 + ^k) (Ok-q + &k-q) . (11) 

k,q 

Here, the vector potential of the quantized Hght field is 

where Sq is the unit polarization vector of mode q. cq 
is the vacuum electric permittivity and V is the volume 
effectively occupied by the Hght field. 

So far, we have obtained the quantized mode of the 
SWCNT interacting with a light field, whose Hamiltonian 
is H = He + Hp + Hi, with 

He = Y.^^ ("kttk - /5l/3k) , (13a) 

k 

Hp = ^Sf^q^dq, (13b) 

q 

Hi = ^k,q (rfq4/?k-q + h.c}j , (13c) 

k,q 




FIG. 2: (a)The energy spectrum E(k) of graphene versus 
k. (b)The interaction intensity D{k) between electrons in 
graphene and single- mode light, in which we take the average 
over all the possible directions for e(q). 



where we have made the rotating wave approximation to 
eliminate the fast varying terms, such as d^Lqaj^/^k-q, 

rfq/3k"k-q, dt^q^kak-q, dq^kak-q, ^-q/^k/^k-q, and 

dq/3^/3k-q, and the coefficient £'k,q for electron-photon 
interaction is 

-Dk,q = 7^k-eqJ 1^ (cosv?kSiny)k-q 

\J2vnc y ^eoKiiq 

-Hcosi^k-qSini^k). (14) 

We note that when interaction between the Hght field 
and the SWCNT is significant, the momentum of photons 
in the light field is approximately |q| ~ 10^m~^, which 
is much smaller than the momentum of the electron near 
the boundary of the first Brillouin Zone of graphene |k| ~ 
10^°m~^. Thus we neglect the momentum q of photons 
so that cosiyJk sinc/Jk-q ~ cos (^k-q sin((9k ~ sin[2(pk]/2, 
and the coefficient I^k.q is approximately 



Specially, £'k,q is taken average over all polarization di- 
rections of the Hght field to obtain the final fk^q we use 
in calculations. 

The single quasi-particle energy and the interac- 
tion coefficient i?k,q are plotted versus the momentum k 
of the electrons in Fig. [2l The six Dirac points are clear 
to be found at the degeneracy points of upper and lower 
bands in Fig. [2l[a). For the photon momentum |q| ^ |k| 
chosen in Fig. [2l[b), the absolute value of the interaction 
coefficient -Dk,q becomes large when k is near the bound- 
ary of the first Brillouin Zone and decreases rapidly as k 
deviate from that boundary. 



III. INTERBAND RABI OSCILLATION 
INDUCED BY STRONG LIGHT FIELD 

The general photon-electron interaction contains 
multi-mode light field, which case is too complex to be 
analyticaHy treated in revealing the essential properties. 
Thus, we simplify the Hamiltonian by making the reason- 
able assumption that only one particular quantum mode 



4 



of the light field would dominate the dynamics. This 
could be experimentally reaHzed by adding a high-finesse 
microcavity to the system to pick out a single mode of 
quantized light under consideration. In this sense, the 
model Hamiltonian is reduced to H = Hq + Hi , where 



Ho ("k«k - PlPk) + ^dU, (16a) 

k 

Hi = 51 (daj,/3k-q + h.c) , (16b) 



indicates that a single-mode light field would induce the 
coherent transitions of electrons between the upper band 
and the lower band. The output of the electronic flow 
would display an obvious resonance, namely, Rabi oscil- 
lation, which is experimentally observable. 

In the strong light limit, the light field can be treated 
as a classical one, where the creation and annihilation 
operators and d are replaced by C-numbers, namely 



iVe" 



(17) 



with N the total number of photons. This approximation 
is valid since in a strong light field only the intensity of 
the light plays an important role. We can generally prove 
this classical approximation in App. El 

Then we obtain the semi-classical Hamiltonian H{t) = 
h]^{t), in which the single momentum Hamiltonian is 

k 



-int 



h.c. 



(18) 



for electrons with momentum k. Here, we have neglected 
the constant NVl in the total energy of the light field 
and the difference between i?k and E'k-q for the reason 
mentioned at the end of Secjll In terms of the quasi-spin 
operators 



St 



Si 



"k/^k-q, S'k = [Si 



k-q 

t 



(19a) 
(19b) 



which obviously satisfy the commutation relations of the 
regular spin-1/2 operators, the above single momentum 
Hamiltonian is rewritten as 



/ik(i) = E^S^ + VnD^ (^+e-'"* + h.c) . (20) 

It describes a quasi-spin precession in a time-dependent 
effective magnetic field 

B = (\/iVi:)kCOsm, \/lVDksinm,£;k)- (21) 

Such spin precession is just the Rabi oscillation between 
bands. 



To solve the dynamic equation governed by /ik(i), a 
time-dependent unitary transformation 



U{t) = exp(il75^t), 



(22) 



is used to transform the Hamiltonian above into a time- 
independent one or 



Here, 



h'^, = -Ak^^ + VNDi,S+ + h.. 



Ak = 1^ - 2£'k. 



(23) 



(24) 



is the detuning between the energy of the light field and 
that of the quasi-spin. 

The Heisenberg equations of the system 



9 1 
^-Ql^l = -ekSin6lk[S'k - -S'k], 



(25a) 



±ek[cos6ikS'k + sin6ik5'^], (25b) 



determine the Rabi oscillation of the electrons with mo- 
mentum k between the upper and lower bands. Here the 
mixing angle 6'k is defined by 

Ak 

£k 



cos 6'k = 
sin 0k — 



(26a) 



^k 

el = A^ + 4iVL'^. 



(26b) 

(26c) 



The above first order partial differential equations l|25ap - 
(|25bp with initial operators 5^(0) and iS'^(O) is solved 
through the Laplace transformation 



+ 00 

A(p) = j \{t)e-P'dt, 





(27) 



which gives 



pS^^Sm = -i-ekSin0k[5+ -5^]' (28a) 

P'5'k -'S'k(O) = Tjek[cos6ikS'k +sin6ikS'k]. (28b) 

In terms of the normalized Laplacian parameter p' — 
p/sk, the above equation is solved as 



S^jO) [p'^ + cosHk] , ^^(0) sin^k 
£k + 1] 

S^{0) sin 6'k cos 6'k 



S^ip') 



£k p'b'2 + 1] ' 

1 5^(0) sin gk^^(y) 
ek p' ±i cos 6'k 



where 



QX 



k — 2^^^ + 5*, 



k 



•^k ~ 2i^^^ 



(29a) 
(29b) 

(30a) 
(30b) 
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In the SWCNT, the electrons fill up the lower band when 
the system stays at its ground state at zero temperature. 
As a consequence, we may simply set S^{0) and 5*^(0) 
as zero for convenience in the following discussions. The 
inverse Laplace transformation gives the time evolution 
of S^{t) and S^{t) respectively 



and 



S^it) = S^{0) [cos^ 6»k + sin^ Ok cos {skt)] 



S^{t) = -5^(0)sin6'kcos6'k[l-cos(£k0] 



(31) 



(32) 



(33) 



is calculated as the summation over those of single mo- 
mentum, which reads 



Ti5'k(0) sin Oy, sin {s^t) . 
Finally, the total population inversion 



W{t) = 



k 



(^k(O)) 



2 sin^ 61k sin^ ( ^ 



(34) 

When the temperature is zero, the system stays at its 
ground state and thus {S^{t = 0)) = —1/2 is valid for all 
k. Then the total population inversion is obtained 



Wit) 



^ ^ sin^ 6'k{l - cos {skt)} 



(35) 



If we consider the continuous momentum in a 2-D 
graphene and the inhomogeneously-broadened system in 
which different quasi-spins have different momentums by 
introducing the distribution g(ek) centered on Eq as 



-T'isk 



(36) 



which satisfies 77- f 
Ak results in sin6'k : 
can be calculated as 



g(£k)rfek = 1. When 2VNDk » 
1, the total population inversion 



1 f^°° 

Wit) = — / <?(ek){l-cos(ekt)}dek 
1 f t'^ 



(37) 



It must be pointed out that the time dependence of the 
total population inversion includes two aspects when the 
energy distribution is Gaussian type. One is the peri- 
odic factor as (1 — cos(eoi)) resulting from the central 
frequency of the Gaussian distribution. The other is the 

exponential decay exp (^—^f^^ resulted from the broad- 
ening of the Gaussian distribution. The randomness of 
the energy spectrum of the quasi-spins actually induces 
these effects, which can be considered as a kind of spin 
echo. 
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FIG. 3: Population inversion of electrons in the SWCNT is 
plotted versus time. The parameters for the SWCNT are 
respectively: (l)chiral vector is (6,4), fl = 0.4, r = 5 for the 
black short dotted line; (2)chiral vector is (8, 0), f2 = 2, r = 5 
for the red solid line; (3)chiral vector is (8, 0), $7 = 2, t — 70 
for the blue short dashed line. Here, r is the time scale. 



Prom Fig. [3] for the population inversion of the (2n, 0) 
SWCNTs with the incurring fight frequency of = 2 J, 
we may see that a considerable proportion of the elec- 
trons are excited to the upper band (more than 1/15 for 
(8,0) SWCNT), and exhibits cofiapse and revival in a 
long period of time. The explanation for it is straightfor- 
ward: in the (2rt, 0) SWCNTs, there are large degenera- 
cies of possible states onto the equi-energy lines E = J 
of the 2-D graphene energy bands. Thus, the (2n, 0) 
SWCNTs are potential experimental candidates for the 
demonstration of Rabi oscillation in solids. 



IV. FIRST ORDER COHERENCE OF 
SCATTERED AND EMITTED PHOTONS 

The strong fight field only couples the upper and lower 
bands of electrons through its intensity, which essentiafiy 
cancels the quantum optical features of the SWCNT 
characterized by the higher order quantum coherence. 
To save curiosity of quantized light field interacting with 
SWCNT, we return to the Hamiltonian Eq. lfT6a|) - (|16bp 

The first order correlation function of the light field 



GW(r) = {d+{t)dit + T)) 



(38) 



to characterize the interference of the electrons in 
SWCNT is independent of t after long time evolution 
t +00, which corresponds to the steady solution for 
the light-SWCNT coupling system. In the interaction 
picture with respect to 



(39) 



6 



the Langevin equations read as 
d , 



dt 



-5- = (zAk - 7k) + 2*Ck5k^^> 



(40a) 



(40b) 



- -27k(5^ + i) + *i?k(dt5k - S+d)\AGc) 

Here, we phenomenologically add decay terms of the 
SWCNT part to the Langevin equations, while neglect 
the decay of light field since an ideal probe is consid- 
ered. We also assume that the SWCNT system reaches 
its equihbrium state with the light field before there is 
considerable change in the light field. Actually, this as- 
sumption is very crucially used in Haken's theory of laser 
[2H . By setting the time derivatives of the S operators 
as zero, the steady solution of the total system can be 
obtained with steady quasi-spin operators 



St 



2{Al + 2dUDl + ^iy 



i-Dk(7k 



iAk)d 



Al + 2dUDl 



(41a) 
(41b) 



Therefore, if the number of photons does not fiuctuate 
intensively long time after the light is turned on, we could 
simply set the particle number operator d'^d = N as a 
constant. 

In order to study the first order coherence of the light 
field, we use the mean field approach for the Langevin 
equations of the above system by setting 



S^d^ {Sm)\t-,^diT)^S^i^)diT) 



(42) 



for long time evolution. Here we can analytically cal- 
culate the first order correlation function through the 
partial differential equations (|40aH40c() . After applying 
Laplace transformation to Eq. l|40aH40c|) . we have 



pd^d{0) = -i^Dk^k. 



(43a) 



for the effective detuning Ak = Ak + iju- This gives the 
solution of d{p) as 



dip) 



Here, 



A-{p)^-^J2 



rf(0)+A-(p) 
P-A'ip) 

^k5k(0) 



p-iA' 



(44) 



(45) 



represents the contribution from 5'k (0), while contribu- 
tion from the long time evolution of (S^) is given by 



A^p) 



k 



(46) 



Since the electron-photon interaction serves as a per- 
turbation term in the Hamiltonian, the singularities 
of the d{p) is mainly determined by the denominator 
p — A^{p). Under the Wigner-Weisskopf approximation, 
the 0-th order zero point of the denominator is p = 0, 
and to the 1-st order it is 

p = -in' - r', (47) 

where the renormalized frequency and the effective decay 



n' = -lmA^(O), 
r' = -RcA^(O). 



(48a) 
(48b) 



Applying the inverse Laplace transformation, we obtain 
an expression for d(r) as 

d{T) = exp i-in'r - r'r) [d(0) + F{t)] , (49) 

where the contribution from ^k (0) is 

^ ' ^ II,. -I- iiM. L 



Mk + ii'k 



(50) 



with /Ik — Ak — ri') and — (7k — T') . If we com- 
pare a quasi-spin system to a heat bath, the term F{t) 
represents its induced quantum fiuctuation. The cou- 
plings of the light field to SWCNT is characterized by 



k 



£)2 

A| + 2iv'b^ + ^2Ak, 



Al + 2NDl + ^l 



7k, 



(51a) 
(51b) 



where the explicit steady solution for that has been 
used. 

The contribution (d+(0)F(r)) from S^{Q) in the first 
order correlation 

G^i^r) = exp (-iri'r - r'r) {g^^\o) + {d+ (Q)F{t))) 

(52) 

vanishes since the average on the photon number states 
reduces to zero due to the photon number conserva- 
tion. Then the normalized first order coherence function 
g(i)(r) = G(i'(r)/G(i)(0) is explicitly written as 



g(i)(r) = exp (-il^'r - r'r) 



(53) 



which is used to measure the interference of the scattered 
and emitted photons. It is clear that long time first order 
correlation of the light field vanishes exponentially with 
T. In most cases, considering that the decay rates 7k are 
much smaller than the detuning Ak, F' ^ Q.' is obviously 
satisfied. Thus, neglecting the decay effect in the first 
order coherence, the existence of SWCNT contributes to 
the first order coherence a shift 51' in the frequency of 
light. 
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V. SECOND ORDER CORRELATION OF THE 
SCATTERED AND EMITTED LIGHT 

The first order coherence function only demonstrates 
the interference of the scattered and emitted photon. To 
distinguish the fully quantum optical properties of the 
SWCNT, e.g. , the bunching and anti-bunching of the 
photons, the second order coherence function 

G(2)(t) = {dHt)d^t + T)d{t + T)d{t)) (54) 

is needed. According to Eq. (|47|) . we calculate 

G(2)(t) = exp(-2r'T)G(')(0) 

+ exp (-2r'r) (rft (0)Ft {T)F{T)d{Q)) (55) 

where we have neglected terms {d"^ {Q)d'^ {Q)F{T)d{Q)) and 
l^d^ {Q)F^ {T)d{0)d{Q)) because of the photon number con- 
servation for the light field. Neglecting correlation be- 
tween different quasi-spins, only terms with the same 
momentum can survive in F\t) and F{t). Therefore, 
the non-vanishing second term is calculated as 

{S{Q)F\T)F{T)d{Q)) 
« 5]/k(r)(dt(0)5+(0)5k-(0)d(0)) 




1000 



t/(5*10V^ 



FIG. 4: The second order correlation of the light '{t) — 
g^'^\Q) is plotted, in which the antibunching feature is obvi- 
ously displayed. The two chiral vectors (6, 4) and (8, 0) are 
chosen to represent significant anti-bunching effect due to dif- 
ferent reasons. Here, we have chosen the frequency of the light 
field Lo = 2J. 



^/k(r)(dt(0)d(0))((5£(t)) 



where the time dependent coefficients are 



/k(r) 



2Dl 



[cosh {v^t) - cos (Aik-r)] er""^^ . (57) 



Accordingly, the normalized second order coherence func- 
tion (?(2)(t) = G(2)(t)/ |G(i)(0)|^ is written as 



exp I 



/k(r) 
^GW(O) 



G(^)(0) 
G(i)(0)2 

{sm\t- 



(58) 



Here, the second item in g^^^r) is non-negative for 
any r, and returns to zero when r ^ 0, thus the explicit 
effect of the anti-bunching of the light coupled with the 
SWCNT is illustrated in Fig. H 

Due to the divergence near the resonance area for 
g^'^\t), the anti-bunching feature is significant where the 
light and the energy gap between upper and lower bands 
reach resonance while the interaction intensity Z3k is com- 
paratively high. In this case, the SWCNT is equivalent 
to one or several 2-level atoms that interact strongly with 
the incurring light, just as the case in the (6,4) SWCNT 
when the incurring light frequency is 2J. Similar to 
Sec. Uni concerning Rabi oscillation, here we still have 
a distinct effect for the (2n, 0) SWCNTs, when the in- 
curring light frequency is really close to 2J. In the case 



for (8, 0) SWCNT, the strong anti-bunching feature is in- 
stead caused by the large degeneracy on the E — J line 
in the first Brillouin zone. Unlike the case for the (6,4) 
SWCNT, in which merely several electron states are in- 
volved, the significant anti-bunching here is caused by 
the excitation in the E = J band of the SWCNT, where 
thousands of possible states participate in at the same 
time. 



VI. POSSIBLE LASING MECHANISM OF 
CARBON NANOTUBE 



The above investigations imply that the light emitted 
from or scattered by the SWCNT is strongly correlated 
in time domain, thus explicitly displays quantum effects. 
It is straight forward to imagine that if electrons in the 
SWCNT experience a population inversion, the emitted 
light would be amplified. This observation may enable 
a possible lasing mechanism. In this section, we will ex- 
plore this mechanism for the SWCNT by using Haken's 
laser theory j2l|. 

The Heisenberg equations I|25al25bp without dissipa- 
tion usually have no steady solution. Thus we phe- 
nomenologically introduce decays on both the light field 
and the quasi-spin operators to make the physical ob- 
servables reach the stable results. In order to obtain the 
steady solution, we neglect the fiuctuations because the 
time average of them vanishes. This simplification results 
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in the laser-like equations 
d 



dt 



k 

(59a) 

-7k5+-2iDkdt5^e*^''*, 

(59b) 



= -27k(5^ + i) - ii?k(^^de 



(59c) 



where we have removed the higher frequency fac- 
tors by defining = exp(— ifit) and = 

exp[— «2i?( fc )t]. This approach changes the observa- 
tion from a laboratory frame of reference into some ro- 
tating one. Equation l|59bp can be formally integrated 
as 



S+{t) = 5+(0)e-''>'* - 2iD^^j e-'"^'-'-^^d'' S^e'^^^^dr. 



(60) 

According to Haken's laser theory, if d^ varies with 
time much slower than S^{t), it could be regarded as 
a time-independent one and then the above integral be- 
comes 



S+{t) = 5+(0)e-T''* - 2iDi,d^S^- 



7k -I- «Ak 



(61) 



After a long time, the first term in the above solution 
Eq. l(60l) . which is totally determined by the initial polar- 
ization S'k (0), will vanish. Thus, when jkt ^ 1, only the 
initial state-independent part 



S+{t) w ~2iDud^Si 



7k -I- iAk ' 



(62) 



remains. In this case the motion equation of the 
z— direction spin operators becomes 



~27k(^^ + ^) - e^dUS^, (63) 



where 9k = 47k£'k/(7k + ^k)- Then we obtain the effec- 
tive motion equation of the light field 



d_ 
dt 



, 7k + «Ak 



(64) 



state into the carbon nanotube. Phenomenologically, we 
add a pump term Ck > to each term S"^, then 

^^Sl = Ck - 27k(^^ + \)- 0ik)d^dS^, (65) 
The population inversion is obtained from Eq. (|65| as 



= ^£(0)exp 



(ck - 7k) / exp 



exp 




dr' dr x 



(66) 



After a long time evolution (7ki ^1), this solution be- 
comes 

= (ck - 7k) J exp ^- J eikd^ddr'j e-^'^'^^'-^^dr. 

(67) 

It follows from Eq. (|67l) that the main contribution of 
the integral comes from the accumulation of the weighted 
photon numbers in the time t ~ In this sense we can 
assume that 



eikdtddr' = 6ikdtd(t - t) 



Then the population inversion is integrated as 



(ck - 7k) 
6lkdtd-H 27k' 



(68) 



Eventually, the motion equation of the light field is ob- 
tained as 

^dt _ jj^)^t _ j^d)d^d, (69) 



where 



S^ = T.Di^-^^-^, (70a) 



^ 7k 7k + ^k 

appears as the Lamb shift of photons, and 



(ck - 7k) 



k^^T^, (70b) 



In the following discussions we will demonstrate a lasing- 
like phenomenon by considering the solution of Eq. (|64l) 
Usually, a lasing process requires population inversion. 
To realize such population inversion in our setup, a pump 
of electrons is needed to inject electrons with specific 



represents a dissipation or amplification of the optical 
mode together with 



Ck — 7k 



(70c) 
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describing the extent of nonlinearity of the light field in- 
duced by the SWCNT. Here, we have expanded the sec- 
ond item on the right hand side of Eq. l(69| up to the first 
order of 2Dld'<d. 

Obviously, Eq. i|69p is typical to describe the lasing pro- 
cess in an amplification medium. When electrons are in- 
jected into the SWCNT to realize a population inversion. 



2 (Ck 



7k) 



> 



(71) 



for such distinction of chirality is that different sets of 
wave vectors k are allowed in SWCNT with different chi- 
ral vectors, which may lead to different energy structures 
in the SWCNT. Such effect is especially significant on the 
(2n, 0) type SWCNT, where large degeneracy of possible 
electron states onto E = J occurs. This is a characteris- 
tic property absent in 2D graphene. The possible lasing 
mechanism in the SWCNT is also investigated theoret- 
ically, which may promise the realization of nanoscale 
laser devices. 



with ?7 > 0, we obtain a lasing equation 
d 



dt 



(72) 



Then the effect of the coherently injected electrons the 
SWCNT on the light field is equivalent to that of a 
double-well potential formed as 



vm = -^'\df 



^ l^|4 

2 Ml 



(73) 



Thus there exists a symmetry breaking based instability 
for laser amplification. When k' < 0, d = is the unique 
stable point for the effective potential y(|(i|). In this case 
we may safely neglect the nonlinearity, and the system 
is only affected by stochastic processes. However, when 
k' passes through zero, the point c? = is no longer the 
stable point. Instead, the photon amplitude d acquires 
its new stable points with nonzero amplitude 



Ml 



(74) 



indicating a phase transition in the system. The above 
phenomenon that nonzero stable points of y(|(i|)appear 
means that a coherent light field with non-vanishing am- 
plitude is produced by the radiation of electrons confined 
in the SWCNT. 



VII. CONCLUSION 

In summary, our investigation in this paper is ori- 
ented by the needs of designing the quantum devices 
in future. We theoretically studied a solid state based 
quantum optical system, namely, the SWCNT interact- 
ing with quantized fight field. The ballistic transport of 
electrons in SWCNT means quantum coherence of elec- 
trons in terminology of quantum optics. Thus, the emit- 
ted and scattered light from such coherent electrons could 
be quantum coherent as well, and then we use the higher 
order coherence function to describe it. On the other 
hand, SWCNT with different chirality (n, m) have differ- 
ent properties in their Rabi oscillations of the electrons 
when driven by a strong single-mode fight field. The 
anti-bunching features of the light scattered by or emit- 
ted from them is also studied in details here. The reason 



APPENDIX A: SEMI-CLASSICAL 

It is noticed that the semi-classical approximation ap- 
plied in Sec. IIIII is valid only for the quasi-classical case 
in which the initial state possesses a very large number 
of single frequency photons. We wifi justify this approx- 
imation with necessary details in this appendix. 

The complete dynamics of the SWCNT interact- 
ing with a strong fight field is displayed through the 
Schrodinger equations governed by the Hamiltonian H — 
Hq + Hi, in the interaction picture, where 



(Ala) 
(Alb) 

(A2) 



Ho = Y^Ek (a[ak - /?i/3k) , 

k 

Hi = ^ i?k (de^^'^'ai/Jk-q + h. 



And the initial condition of the system 



l*(0)) = |e = V7Ve'')®l'/'(0)), 



where the coherent state 

|O=exp(Cdt-rd)|0)^i?(e)|0) (A3) 

represents the state of the light field while \4> (0)) stands 
for the initial state of the electrons in the SWCNT. We 
note that |q;| ~ vW. Since there is no broken global phase 
symmetry, the arbitrary 9 is chosen as 0. The main reason 
for choosing the initial photon state as a coherent one is 



dU 



N 



N should 



that the average number 
be satisfied. 

We introduce the photon vacuum picture, similar to 
the approach for the semi-classical approximation of 
photon-atom system [cite P.L.Kingt Concept of Quan- 
tum Optics], defined by 

1$ (t)) = D \^ (t)) , 1$ (0)) = |0) ® !</) (0)) (A4) 

which satisfies the Schrodinger equation (in the interac- 
tion picture) with the effective Hamiltonian 

He^D (0"' HD (0 =HQ + Vq+Hq 



where 



Va 



H„ 



( 



h.c. 



k 

E 

k 



h.c. 



(A5a) 
(A5b) 
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Here |0) can be understood as a displaced vacuum. It 
should be noticed that the above derivation is exact for 
the initial condition l|A4p . 

For a very large N, Hq in the above Hamiltonian is very 
small with respect to the Vq, and it can be neglected in 
the first order approximation. Under this approximation, 
the state of photons is subjected to a collective evolution 
governed by the effective Hamiltonian 



He — Hq + Vq, 



(A6a) 



- ^ (\/iVe-*^"a[/3k-q + h.c)j . (A6b) 



which leads to a single-particle excitation of the vacuum. 
Finally we reach the following conclusions: (1) In the 
large N limit, this excitation is weak compared with the 
collective motion; (2) If there is initially no collective 
excitation or single excited electrons in the SWCNT, the 
system will be stable and remain in the displaced vacuum 
state even when Hq is taken into account. 



Transforming back to the original picture, one proves the 
conclusion: If N is a macroscopic number, namely, it is 
large enough, the total system will evolve with a factoriz- 
able wave function = |\/]v'e*'')(8)|(/)(t)), where \(j>{t)) 

obeys the Schrodinger equation governed by the effective 
Hamiltonian He- 

The next question is the effects of the neglected term, 
Hq, on the dynamics in the photons vacuum picture. In 
the framework of the perturbation theory, the role of Hq 
relies on the coupling to the vacuum, that is 



Hq\^{Q)) - ^ (rfe-'^*4/3k-q + h.c.) |0) 10(0)) 

k 

= e^^*|l)®^i?k/?Lq«k|0(O)) (A7) 
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